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Analytical investigations respecting ASTRONOMICAL HE- 
FRACTIONS and the application thereof to the formation ef 
convenient TABLES together with the results of observations 
of circumpolar Stars, tending to illustrate the Theory of Re- 
fractions, 

By JOHN BRINKLEY, D. D. M. R. I. A. F. R. S. and 
ANDREWS' Professor of Astronomy, in the University of 
Dublin. 



Head May 9, 1814. 

-A BRIEF detail will explain the objects of this paper. 
M. Le Comte .Laplace first shewed that the fluxional expres- 
sion for refraction, may be integrated by approximation, as 
far as about 74" from the zenith, without a knowledge of 
the variation of density in the atmosphere. *° 

T. Simpson had deduced by the principles of the 8th sec- 
tion of the first book of Newton's Principia, the fluxional 
expression for refraction* by considering a particle of light 
as a body acted on by a force tending to the centre of the 
earth .-j- He and others since deduced the integral on the 
hypothesis, that the density of the atmosphere decreased 

* Mec. c&L Li*. 10. c. 1. torn. 4. -j- Math. Dissertations, p. 41, &«. 
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uniformly. The simplest form of the integral is that used 
by Bradley, 

Laplace uses the same method of obtaining the fluxional 
equation as Simpson had done, and then proceeds to investi- 
gate the laws of reflection and refraction. He deriveb y an 
analytical process the conclusions, which Newton had de 
duced in the 14th section of the first book of the Principia. 
Laplace next derives his fundamental fluxional expression for 
refraction which he shews may be integrated as far as 
74° from the zenith, without a knowledge of the variation of 
density in the atmosphere. 

In this paper the same fluxional expression, that Laplace 
obtained, is deduced by a very short method, and by using 
the common principle of the given ratio of the sines of in- 
cidence and refraction. Besides the simplicity of the inves- 
tigation it has the advantage of avoiding hypothetic prin- 
ciples lespecting the rays of light. 

The integration of the, fluxional expression is. also obtained 
by a method that may be considered as entitled to notice. If 
the surface of the earth were a plane, then whatever the law of 
variation of the densities of the different strata of air parallel 
thereto might be, the refraction for any zenith distance 
would be simply found from the knowledge of the refractive 
force at the surface, by tbe constant ratio of the sines of in- 
cidence and refraction. By the method given this part is 
separated from the rest, and the effect of the spherical form 
of the atmosphere is shewn. The formula for refraction 
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consists of two parts, one the refraction that would take 
place were the earth a plane, the other the effect due to 
the spherical form. The latter at 80° zenith distance 
amounts only to about 12", and at 40° zenith distance is in- 
sensible. 

It is shewn that at 80' 45' the error of the formula deduced 
cannot amount to half a second, whatever be the variation of 
density in the atmosphere. 

As the approximate formula for refraction as far as about 
74° from the zenith is independent of the law of variation of 
density, it follows that, whatever law be assumed, the same 
conclusion ought to be deduced as far as about 74°. This is 
shewn from direct investigation by assuming different laws of 
variation of density ; which beside affording some conclu- 
sions useful in our enquiries on this subject, may be consi- 
dered as interesting. 

The results of the experiments of M. JVC. Biot & Arago 
on the refractive force of air, and of Mr. Dal ton and M. 
Gai-Lussac on the effects of the change of temperature on the 
density of air are applied, and a general expression for refrac- 
tion at any zenith distance less than about 80° obtained, 
which is entirely independent of astronomical observations. 

From this general expression I have formed two tables, 
by help of which the refraction at any zenith distance less 
than 80° may be calculated with much convenience. 

From a comparison of the co-latitude determined by stars 
near the pole, and of the same determined by stars more re- 
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mote, I find, by 525 observations of circumpolar stars, Xht 
refraction at45°, (Bar. 29, 60 inches and Therm. 50".) 

The same by the French Tables = 57,57 

The same resulting from the direct experiments 
on the refractive force of air, applied to the 
formula. - = 57,67 

The quantity in the French tables was ascertained from 
the results of the observations of M. M. Piazzi & Delambre, 
applied to Laplace's formula by Delambre himself. 

My result from the number of observations, from the care 
used in making them, and from the excellence of my instru- 
ment, seems entitled to as much confidence as can be given 
to a conclusion derived from observations of circumpolar 
stars, and there is no difference worthy of notice between 
my result and that of Delambre. But from the nature of the 
direct experiments on the refractive force of air, the results 
seem capable of greater exactness than can be derived from 
observations of circumpolar stars, and therefore strictly 
perhaps we ought to adopt the result so deduced. However 
the quantity in the French tables is so nearly equal to this 
that no inconvenience can arise in the nicest researches in 
astronomy from adopting these tables. 

It is of much importance that the same tables of refraction 
should be used by astronomers, and it will afford satisfaction 
to the author of thjs paper, should it in any manner conduce 
to this desirable end. It cannot be doubted but that sooner 
or later the refractions as given by the French tables as far as 
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80 o , or a very, slight modification thereof will be generally used 
by astronomers. 

The form of the French tables may not be generally adopt- 
ed, others-more convenient perhaps may be derived. The 
new form given in this paper will serve as a check in the 
use of the French tables, and may be thought more con- 
venient than these for observations of the sun, moon and 
planets. 

Below 80° zenith distance, a knowledge of theiaw of va- 
riation of density is absolutely necessary forcOmputing the 
quantity of refraction. As this cannot be had, all tables for 
these zenith distances must be in a manner empirical. 
The French tables ire less so than any others, from the 
method used by ! Laplace. But the quantity of refraction 
varies so much from some* unexplained cause, the heights of 
the barometer and thermometer 'remaining the same, that 
observations below 80* can be of little use. This irregularity 
is very manifest at 80° 45' in the observed refractions of 
Capella below the pole. Sixty-five observed refractions of 
this star are given> and compared with those computed from 
the formula. 

Forty-two observed refractions of » Lyra below the pole, 
(zen. dist. 87° 42',) are also given. In these the irregu- 
larities of refraction are very considerable. The mean of the 
observed refractions serves for shewing that refraction is 
greater than would result from a density decreasing uni- 
formly, and less than would result from a uniform tem- 

vox. XII. w 
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perature. The mean also serves as a criterion of the accu- 
racy of the French and of other tables at this zenith distance. 

Investigation of the fiuxional eqimtiwfor refraction. 

Let V R P T be the path of a ray of light refracted al 
P and R, and let CQ be perpendicular to TP produced. 

(Fig-) 
Let the apparent zenith distance HVR = d* 

C V the radius of the earth, = a 

CR = r' 
CP = r 
The density of the air at P = § 
The density at the surface V =(f} 
The heiglit of an uniform atmosphere at V — I 
Let m : I represent the Tatio of the sine of incidence to 
the sine of refraction, when light passes from a vacuum into 
air of the same density as that in VR. 

W ; i the same ratio for air of the density of that in PR* 
and k : 1 the same ratio for air of the density of that in TP 
Then it readily appears that 
'sin. VRC : sin. CRP:ik' :m 
sin.CPRism.CPT ::&:}(? 

* The same quantities are denotedby the sameletters which Laplace has used (chap. 
l. liv. 10. torn. 4, Mec. eel.) 
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Consequently 

a sin. CVR^r 1 sin. VRC «= —sin. CRP**~ sin.RpC 

— -J- sin. OPC. 

Hence sin. OPC = -^r sin; 6. (i) 

This equation is evidently true, whatever be the number 
of points of refraction between P and F, and therefore is true 
when VRP is a continued curve as in atmospherical refrac- 
tion. 

The refraction JR, that takes place between P and V =s*= 
the inclination of the lines P I" and JB V. Hence, 

By equation (1) 00 = ^ sin, t. 

The refractive force of air is as its density, and the refrac- 
tive force in TP is also as &* — 1, (vid. Newton's Optics, book, 
2, Prop. 1Q. Horsley's edition, vol. 4, p. 171.) 

Therefore let b § = k* — i, 6 being a constant quantity 
Then k= »/ i +£ f and m = */ i + b( ( ) 

Hence OC = a sin. $ ^E5- 



and OP *=r — ^ ll/ 

Therefore R = %L 

—f qftsin. 9v_t + 6(7) 



8(l+*f)r v/l + b ( — 4! sin. ■ &(l + b(,j) (2) 

N 2 
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This is Laplace's fundamental equation (3) vid. Mec. CeL 
torn. 4, p. 244. b here corresponding io -^t in Laplace's 
formula. 

2. The integral of this equation from § = (g) to g = O 
gives the atmospherical refraction required. " It is obvious 
ihat to obtain the complete integral, it is necessary to know 
the relation between r and g, or the law of diminution of the 
density of the atmosphere. This is at present unknown j 
but notwithstanding, we can approximate sufficiently to the* 
value of R for all values of & less than about W. 

From the zenith to 74° zenith distance tke result is the 
same whether we approximate to the integral, without know- 
ing the relation of r and §, or whether we assume any given 
relation, and reduce equation (2) to a convenient form for 
finding the integral. 

Also by assuming two Certain laws of variation of density 
we may obtain two integrals, one of which must give the re- 
fraction greater than the truth, and the other less. We find 
that as far as 80° 45', * these refr>aGtionsrdo not-differ fej one 
second, therefore a mean of the two must always give the 
refraction true within half a second so far from the zenith. 

* The apparent zenith distance of the.bright star, Capella, when, below tlie pole, is 
ia this latitude ==80*45', and having made many observations of this star S. P, I faaye 
t.)ken that zenith distance as a limit, 
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Approximate integration of the Fluxional Equation, 

3. Let Q represent the refraction that would take place if 
the surface of the earth were a plane, and the different strata 
of air parallel thereto, in which ease the ratio of a to r 
would be the ratio of equality. Therefore equation (V) 

i ^ — f' asin - 9 */'+* (t) 

becomes Q = a{1+tf) vT ^ f =—^ b{f)) — — (3) 

Hence R = ~ a \^JJl'T^iTTiPJT^^ r ^ 

r V ] + b t — (l -j- h ( p )\ ~ sin. * 6 

Let - == 1-* (*> 



r 



Then i? ™ ^ ^^^fyf t ^T ( ^ 8 grf- (5) 

or iS = Q (Is) (1— s tan. * 0) = Qi — Jj^ neglecting the 

second and higher powers of s, also g, (f) and their powers. 
It is obvious that for the part of the atmosphere which 
makes the refraction sensible, <s must.be very small. 

By equat. (3) 

Q = — i b j> tan. 9 neglecting £, (g) and their powers. 

Hence .»-=■ Q, +-f^~i^ n^rly. f6) 



.Now/ p s « f s —fgs —. gf 9 ~J J — (by eqpat-40 
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Let p = the pressure of a column of superincumbent air 
of a given base, at the distance r from the centre. Then the 
pressure of a particle of air being measured by its magni- 
tude, density and gravity, supposing the gravity at the sur- 
face represented by unity 

* ara - 



Hence R = Q + (§s+ -£.") f^W Constant. 

V b a J 2, cos. * 9 

when JR = o, Q and s = and p = I (§). 
Therefore constant = _*62£*=*« _ ^-i)itan., 

2 a cos. s g 2 « cos. 2 9 

consequently the whole fluent from g =5 (§) to § = is 
JR = Q — (m'—i )**«». fl because m is nearlv = unity 

2acos. 2 9 J 

R = O — (^zllilfL. 9 m 

^ acos.'B ' y,J 

This expression as will be shewn farther on can be easily 
reduced to that of Laplace (M6c. c61. torn. 4. p. 268.) But it 
temains to shew how far from the zenith it can be used with- 
out inducing an error greater than a small fraction of a 
second. 

4. The principal part Q of this expression is, it is evident, 
the deviation of a ray of light refracted at a given incidence 
from air of the density (g) into a vacuum, and hence is en- 
tirely independent of the variation of density in the atmos- 
phere. When m is known Q is known. The method of find- 
ing m will be considered hereafter. 
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The seconds in the latter part of the expression =* 
O^zDJJ^lL.. To compute this quantity it is necessary to 

•O, COS* 7 StH* I 

know m, I and a but not with much precision. 

If we take = 80° and use, for the present, round numbers, 

. i • i r\r\r\a j I 5 miles I [m— 1 ) Itan.Q ■, A , f 

taking m = 1,0003 and— = -r^r- == -— -, * tfr^—r tJ = 14 

° ' a 4000 800' a cos. 2 6 sin. 1" 

nearly. The terms which have been neglected, must obvi- 
ously be much less. The limit may be thus computed. 

Let the equations (5) and (5) of the last article be ex- 
panded, neglecting products of three dimensions of a, § and 
(g) and we shall obtain 

((g) -d) 

Now of the terms that compose the factor of / tan '~ , the 

r 2 cos. * r 

first * has already been considered and found not to produce 

in integrating a quantity greater than a few seconds, as far as 

$=80° ; therefore after integration, the 2d and 4th on account 

of the smallness of b (§) and b § must be quite insensible; but 

the third— 4 s * tan. * 6, will produce a term f _ s r bs * ta "- 3 , s ^ 

* J r J, 4: cos. 2 

3 f-bs *tan. *S s> 3 pb s'stan. 3 , 

4aw.~ r 9 «/ 2cos. 2 3 

The law of decrease of the density of the atmosphere is 
between that which a uniform temperature gives, and that off 
the density decreasing uniformly, as will be shewn further 
on. The true value of the above integral will therefore he 
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between the values deduced from an. uniform temperature 
and an uniformxlensity. 

(1) For an uniform temperature. The density on this hy- 
pothesis is as the compressing force, and we have the well 
known equation 

(--0-f 

g «. ( ? ) c v r J where c -. 2,7128 &c. 

as 
Off - {§)<> 

ilence j — J---J— - — , fl ^ ssc 



<m as as 



«/ ««c = — — sc y — jrc -r a * from s — o 
Therefore from s => o to s — i and from § = (g) to g> =» © 

^^Jli^.lM!^- il having taken c^oon 

»/ *«w. 9 2 cos. 2 9 o s ° 

account of its extreme smallness, it being = -— i — _ 

° l \ 800 

V 2,7128; 

whence the term in question produces a quantity in seconds •* 

Sl" (m—\)tan. 3 B 
a a cos. 2 9 sin. \" 

Taking 0. = 80° 45', — "and m as before 

this quantity .— 2'',60 
Taking ^=74° 

It sas (f,\6 a quantity not requiring notice. 
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(2) If the density of the air decrease uniformly, it will 
be proved that 

, - M=l x £ nearly 
(?) a 

fip^./ SpbsU an.H _ r Ijbtan.^ / (, )- P ) V f*_ 
xxcuctj 4fiofc sfl —j OTl «j V (p) / « 2 

- [from , - to g - o] 5Mf=y^x JL - [in seconds] 



a * cos. 2 9 «w. 1" 

Taking 6 = 80° 45' this quantity = 1",73. Consequently 
the true value of f 3fb A ''TJ^f ™ between 2",60 and i",73 

t/ 4t ec«. a 80" 45' ' ' 

and therefore the mean cannot err quite half a second from 
the truth, and so the following formula may be considered 
as giving the refraction as far as 80° 45' true to less than half 
a second, viz. 

Refraction = Q - S ^) 1 **"-* + ^dQ.^^1!. ( 7 ) 

^ a cos. * Qsm. 1" 2 a * cos. 2 8 sm.l" ^ J 

The third term is insensible when & is less than 74° and the 
second and third insensible when 6 is less than 40° 

It is evident that the two first terms must be derived from 
assuming any law of variation of density, and then investi- 
gating the quantity of refraction as far as these terms. The 
following investigations in different hypotheses of density may 
be considered useful. 

VOL. XII. o 
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Hypothesis of uniform density. 

5 Let CR be the radius of the uniform, atmosphere, the 
height of which is / (vid. Fig-) 

6 = angle of incidence at the point R; t — VRC, then 
ref. (JR) = 6' — t, and -^- f s i n . & = sin. t - -^- e - (1) 

Hence a m sin. = (a+f) sin. (t+R) (2) 

but supposing the surface of the earth a plane 

wzsin. 6 = sin. (4+Q) (3) 

Hence sin. (*+E) - **" {6+ f (4) 

, + 7- 
making /, t and R t" vary, in order to apply Taylor's 
Theorem. 

By equat. (4) 

(t + R) cos. (t+R) - ——r * sin - C + Q) 

"( 1+ r) 



By equat. (1) 



—t 



t cos. t *= r v sin. £- 

a / 

Hence computing R+R + 8cc. making fi= Q, *=0 - = o 

and then — =— , we have by Taylor's Theorem 

r = Q __ _L ( tan. (0+Q) — tan. * ) + &c, (5) 

But tan. (0 + Q) = tan. + -—rf + &c 
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Also making m and Q vary in equation (3) 
We get by help of Taylor's Theorem 
Q =£ (w-~ 1) tan. $ &c, 

Hence substituting in equat. (5) 

R ss Q (j«— i) <««• 9 as was f oun( j b e f ore m ar t, 3, 

^ a cos, * 9 

Hypothesis of density decreasing uniformly. 

6. By the density decreasing uniformly is understood, that 
the density is as the distance from the highest part of the 
atmosphere. It is obvious that in this hypothesis, not taking 
into consideration the variation of gravity, the height of the 
atmosphere will be double of that of an uniform atmosphere 
of an uniform gravity. And it is also obvious that the effect 
of the variation of gravity can be but small. Lest however 
there should be any doubt on this head, it will be safer to 
investigate the height of the atmosphere on this hypothesis, 
gravity being supposed to vary. 

Let this height = f 

the pressure at any height z =p 

the pressure at the surface = (p) 
a, I, § Sec. as before. 

Thenp = - ~ 2 ./^ - , the gravity at the surface being re- 
presented by unity. 

o 2 
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On this hypothesis. 

f=0*~ CO 

Therefore,, = -^ 

and by integration, 
p = W^_ 51W h# ]og , (a + jr ) + «fto + const. 

Hence this integral from z = I' to z = o gives 

<W = (f )(« - £r + 4 h - "» 7w + t- - ^) 

The right hand side of this equation being expanded ac- 
cording to the powers of — there results 

(p) = c?) (4- - £■ &c 

but (p) = ( f ) / 

Hence is easily deduced Z' = %l + — nearly 

Having obtained Z' we immediately deduce by equal, (i) 
the relation between g and r on this hypothesis, 
viz. a — r + 3J+ HI = JL ("2/+ iiM 

Whence JL. = 1 + ( -^- (-^- + ^-) or regarding 

only one dimension of — '*— =1 — -jr- ? x «- (^) 

2Z 

or-^-= (±±h-\ bit) a b being introduced to form the 
factor & f . 
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Let 1 + b{ = a-, 1 + J (g) = (*) and " « / 
Then equal. (2) of art. 1 gives 

r _ — xx J sin. O) T 



2/- 3 



(x) 



2 • ^ 
.t? a? sin* 



2/— i / 

This by integration gives 

R = — ^J^ (Circ. Arc. rad. 1 and sin. = (£)£, ) + 

constant. 
When R = o, £ = (£) 
Therefore constant = ry-r ^. 

Hence the integral from § = Q>) to g = o gives 

R r= g— • — £-£-j- (Circ. Arc. rad. 1 and sin, = 



**) 



( 1+SW )/- 4 -' (3) 

or nearly 



«'w. 8. 



_ = sin. (0 — (2/~rl)R) 



(l + iO)) 7 " 

This is equivalent to Simpson's Rule, page 58, Math. 
Dissert. 
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By the well known analogy between the sum and cliff, of 
the sines of two arcs and the tangents of the \ sum, and 
i diff. the equat, (3) gives 

Tan. H=l R „ ^-(2=1) & (?) to. (J - 2 ^i R) (4) 
or R =-§.«) tan. {*-($,--I-(R) = 

From equation (5) we may obtain the same conclusions as 
in art. 3. 

For if the surface of the earth were a plane, equation (5) 
would become 

Q = (m— 1) tan. (0+ \ Q) nearly 

Afso because R and Q are very nearly equal at all zenith 
distances less than 80°. By equat. (4) 

R = (m— 1) tan. (d + jQ- /Q). 

From this equation it readily appears that 

E = O— 1) tan. Y0 + iQ> — >^- v 

Therefore R = Q («~i )*««».& , ag b ^ fore in ftpt 3 

*' The formula used by Bradley is R — k tan. (8 — n R ). He determined n from 
the comparison of the horizontal refraction, and the refraction at a given altitude. This 
would be exact if the density of the atmosphere decreased uniformly. But k and 
thence n may be determined by, direct experiments oil the refractive force of air, and 
also by observations of circumpolar stars at zenith distances not greater than" 80". With 
these.values of# and' »the refractions at- the' horizon and low altitudes may be computed, 
and are not found to agree with observations, therefore the density of the atmosphere 
does not decrease uniformly. 
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7- Remark, This last conclusion might have been very 
easily deduced from equat. (&) art. 3; but the above investi- 
gation has been used for the sake of deriving the formulas of 
Simpson and Bradley. 

By equat. (4) art. 3,s= 1 — ■£- 

Therefore, by equat. (2) art. 6, s== l£LzLx?L 

Hence by equat. (6) art. 3. 

R _ Q _/ >M^il x ± x igi . [ftoa.,-0) to f =o] 

q & I (p) tan. 9 q ___ (m — 1 )■?*«» 8 

^ ' 2 a cm. *fl- ^ a cos. * 9 ' 

Hypothesis of an uniform temperature,. 

8. By the equat. (6) art. 3 we also derive the same con? 
elusion on the hypothesis of an uniform temperature, irr which 
case, as has been stated art 4. 

— as . as 

ff-G)c ' or,'-*- f0c ~ 
He"ce by equation. (6): art 3. 

/• as 

~F 0) c ~~ ~f~~ ***— r-= (from s=o to s=l) 



2 



COS. 2 



Q ~ 2 « L.« 9 ' C Vld « art ' 4.) = Q JTSTT— aS 

before. 
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Reduction of the formula for refraction to one convenient for 
computation, — Comparison with Laplace's formula. 

9- From the equation which takes place, supposing the 
surface of the earth a plane. 
Viz. m sin. 6 — sin. (^+Q) 
We obtain, making m constant, 
msin. 6 = Q cos. (4+Q) 

= Q cos. (0 + Q)--Q * sin; (4+Q) 
Hence making Q = and then m = m — 1 we have by 
Taylor's theorem 

Q = (m— 1) tan. 6 + (w ^ 1? - tan. * 4 + &c. 
taking m— 1 = ,00.03 and 6 = 80 9 .45' 

(m — 1).* tan. 3 9 *,, , 

the following terms are therefore insensible. 
Hence substituting in equat. (7) art. 4. 
We obtain for all values of 6 less than about 80°. 45' 

T> _ (m— 1) tan. 9 (m— 1)1 tan. 9 , S (m — 1) l 2 tan. 3 9 

sin. 1 ' ~™ a cos.* 6 «'«. 1'' 2 a 2 cos. 2 9 mm, 1" 

1 2«». 1"~ 

The two last terms are insensible except when 6 is 
nearly 80 9 . 

10. The formula of Laplace (p. 268. torn. 4. M6c. celest.) 

•o ' 

in secont 



, . f {»( 2 co*. 8 9+1 

ids of a degree = ~- .„ J I + —. 

o siu. I j cos. 4 9 



9? 
in which * = -*£sJiL a J±w_ 

But * &(p) = W '~I . 

Therefore expanding ***"";- by fee powers of /»—> 1 

a = (m — 1) — x (m — i) l &c. 
substituting this value for a in Laplace's formula. 

T> e (m— 1) tow. fl {in— -1) ' * aM - 8 _j_ '(«*— 1) s <««• 3 9 ,,1 

saw. 1 « a cos.* 9 sw. t" 2 »n. 1' ' 

same as equation (i) article 9, excepting the term there in- 
troduced to make the formula applicable as far as 6 = 
80°. 45/ 

Value of "^^L, and of — ■ - ■ Tables of Refraction. 

' sin. I ' a j j 

H. The refractive force of air being assumed prop©rti©»al 
to its density, the value of m is variable, and its changes are 
known by the variations of the barometer and tkermomater. 

Let w' be the value of m, when the height of -the baro- 
meter — 2^,00 inches, and the height ^of Farenhe^'s thermo- 
meter == 50°. Let also b represent the height af the baro- 
meter, and t the height of the thermometer corresponding 
to m« 

Tt appears, by the results of the experiments of Dalton 
and Gay Lussac, that a column of air denoted by unity at 
the temperature of 32° of Farenheit becomes 1,373 at the 

voi. xi j. p 
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temperature of boiling water. In fact this agrees nearly with 
Mayer's conclusions made long before. It becomes there- 
fore for t degrees of the thermometer = l+,002083 (t — 32) 
It is not probable that the ratio of expansion is sensibly 
changed at different heights of the barometer within the 
limits of its usual variation. That is the ratio of the volumes 
at 32° and 212" is the same when the barometer is 28t inches 
as when 30£ inches. 

The increase of height in the barometer from the expan- 
sion of mercury by increase of temperature may be consi- 
dered toft- for every degree of the thermometer. 

Hence 
m — 1 : m' — 1 : : density of air bar. b and therm, t : density 
bar. 29,60 and therm. 50° : : b x (i — (t— 50) x ,0001) 

x 1,0375 : 29,60 x (I + ,002083 (*— 32)) 

Therefore m— l = (m'— l)x~ x (1— (*— 50),0001)X 

1 ,0375 

]-f-,O020S3 (*— 32)' 

The quantity (iri — 1) may be deduced from the experiments 
of Biot and Arago (Mem. Inst. torn. 7-) who have most 
carefully repeated the experiments of Hawksby, or who ra- 
ther by a different process, have accurately determined the 
refractive force of air. They have found when the height of 
barom, = 0,76 metre and centesimal therm. = that is barom, 
2&93 inches and F. thermometer = 32° that 
z»— ] = ,0002946. 
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ri / i ,0002946X29,60 „„,»„„« 

Hence m— 1 = 1|00|8 - 1)0375 - % & = ,0002803 

And ^=L = 5Y',82. 

The height of an uniform atmosphere is not affected by the 
variation of the barometer, and therefore, if t represent the 
height of an uniform atmosphere, the thermometer be- 
ing 50° 

1 = 1' 1 + . 00208 (t— 32) 
* 1,0375 

ft 

a very accurate value of — is not required. If we take 
V = 5 miles and the semidiameter of the earth = 4000 miles 
— = ,00125. This in fact is sufficiently accurate. 

But it will be more exact to take I' — 5,095 miles and the 
semidiameter of the earth = 3979 miles, and then — = 

a 

fsSr = '°° 128 - 

It is evident that the third and fourth terms of the value of 
the refraction in equat. (1) art. 9- cannot be sensibly affected 
by the variation of m, and therefore its mean value may be 
used as to these terms. 

Hence substituting for 2j=L and ~ in equat. (1) art. 9. 

we have 

tofr°ction= Tq - 5i »_ x ( l_ >0 0ol(,_5O)) 2 -4. x 

Snsatan.*--*-. *o",0739^ + 0",000238 . ^± + 

0*,0080 tan. ' fi. 

v 2 
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It is worthy of notice that the second term is independent 
of the thermometer, this circumstance enables us to put the 
three last terms into a very convenient table, the arguments 
of Which are the zenith distance and height of the baro- 
meter. 

B5. The above expression for atmospheric refraction is en- 
tirely independent on astronomical observations. 

The French tables are derived from observations of cir- 
cumpolar stars. By these tables the refraction at 45° = 
5?",57 when the barometer shews 29,60 and Farenheit'* ther- 
mometer 50^ H«nce by eqdat. (1) art. 9. 

«*.**- <££" U~V - ££(<«»74»). 
Therefore ==i = S7',W. 

sin. I 7 

By £25 observations of cirdtitopolar stars made by myself 
with the eight feet astronomical circle (yid. art. 14.) 1 de- 

Thas the value of ^I± by the French tables is between the 

values resulting from direct experiment and from my observa- 
tions. I am inclined to give the preference to the result frOm 
direct experiment for reasons afterwards mentioned. But the 
difference between this result, and that from the French tables 
is so small that no inconvenience can occur in adopting the 
French tables. Thus, bar. 29,60 inches, add Farenheit's 
therm. bO". 
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Zenith 
distance. 


Refraetion 

deduced 

from the 

fcfcjperihten$. 


Refraction by 

the French 

Tables. 


e 

45 
50 
60 


68,7 
99,7 


$V3 
68,6 
99,4 


70 

74 


157,3 
198,6 


157,0 
198,2 



Therefore, as it is of considerable importance, particularly 
with a view of comparing observations made in different 
places, that the same refractions should be generally used, 
no objection, I apprehend, can be made to the general 
adoption as far as about 80° of the French refractions which 
are now so well known, 

33. Perhaps the following tables deduced from the above 
formula, may be considered rather more convenient in many 
instances than the French tables ; they will certainly fiirnish 
a useful check. The advantage they afford is derived from 
the facility with which the computation can be made by help 
of tables of logarithms and of logarithmic tangents to four or 
five places of figures, such as are in the " tables requisite to 
be used with the nautical ephemeris." By these the log. tan- 
gent of the zenith distance can be taken out at once, and the 
inconvenience of proportioning for the minutes of zenith dis- 
tance avoided, which is greater than the new inconvenience 
occasioned by the second table. Hence the tables here given 
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may be considered more convenient for observations of the 
sun, moon, and planets. 

In computing these tables 57",72 was substituted in the above 
formula instead of 57",82, and therefore the refraction deduced 
from these tables will agree with those deduced by the French 
tables. 
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TABLES FOR BEFRACTIOX. 



Table 1. 



Table 2. Barometer. 



Far. 1 
Therm. 

O ! 


Logarithms. 


Far. | 
Therm. 

• 1 


Logarithms. 


Far. 1 
Therm. 

a 


Logarithms 


10 

11 

12 


0.3283 
0.3273 
0.3263 


34 
35 
36 


0.3048 
0.3039 
0.3030 


58 
59 
60 


0.2827 
0.2818 
0.2809 


13 
14 
15 


0.3253 
0.3243 
3233 


87 
38 
39 


0.302,0 
0.301 1 
0.3001 


61 
62 

63 


0.2800 
0.2791 

0.2782 • 


16 
17 
18 


0.3223 
0.321^ 
&3203 


40 
41 
42 


0.2992 
0.2983 
0.2974 


64 
65 
66 


0.2773 
0.2764 
0.2755 


19 
20 
21 


0.3193 
0.3183 
0.3173 


43 
44 
45 


0.2965 
0.2956 
0.2946 


67 
68 

69 


0.2746 
0.2737 
0.2728 


22 
23 
24 


0.3163 
0.3 154 
0.3 J 44 


46 

47 
48 


0.2937 
0.2928 
0.2919 


70 

71 

72 


0.2720 
0.2711 
0.2703 


25 
26 

27 


0.3134 
G.J 124 
0.3114 


49 
50 
51 


0.2910 
0.2900 
0.2891 


73 
74 

75 


0,2694 
0.2685 
0.2677 


28 
29 
30 


0.3105 
0.3095 
0.3086 


52 

53' 
54' 


0.2881 
0.2872 
0.2863 


76 

77 
78 


0.2668 
2660 
0.2652 


31 

32 
33 


0.3076 
0.3067 
0.3058 


55 

56 
51 


I 2854 
0.2845 
0.2836 


79 
80 
81 


0.2644 
0.2636 
0.2627 



Z. D. 


28,50 


29,00 


29,50 


30,00 


30,50 





tt 


ii 


II 


IK 


ii 


80 


10,5 


10,7 


10,9 


H,l 


11,4 


79 


8,1 


8,3 


8,5 


8,7 


8,9 


78 


6,3 


6;4 


6,6 


6,7 


6,9 


77 


5,1 


5,2 


5,3 


5,4 


5,6 


76 


4,1 


4,2 


4,3 


4,4 


4,5 


75 


3,4 


3,4 


3,5 


3,6 


3,7 


74 


3,0 


3,0 


3,t 


3,1 


3,2 


73 


2,5 


2,5 


2,6 


2,6 


2,6 


72 


2,1 


2,1 


2,2 


2,2 


2,2 


71 


1,8 


1,8 


1,9 


1,9 


1,9 


70 


1,5 


1,5 


1,5 


1,6 


1,6 


69 


1,3 


1,3 


1,3 


1,* 


1,4 


68 


\,1 


1,2 


1,2 


1,2 


1,2 


67 


1,0 








1,0 


66 


0,9 








0,9 


65 


0,8 








0,8 


64 


0,7 








0,7 


63' 


0,6 








0,6 


62- 


0,6 








0,6 


61 


0,5 








0,5 


60 


9,5 








0,5 


58 


0,4 








0,4 j 


56 


0,3 








0,3 


54 


0,3 








0,3 


52 


0,2 








0,2 


50 


0,2 








0,2 


45 


0,2 








0,2 


40 


0,1 








0,1 


30 


0,0 








0,0 





0,0 








0,0 



Logarithm in Tab. 1. + log. barom. + log. tan. zenith dist. = log. ap- 
proximate refraction. 

/\ppr. ref.— -Number Tab. 2. = refraction. 

Example. Zenith dist. 71°. 26', barom. 29,76 inches and therm. 43°. 

Log. Tab. 1 - - 0.2965 Appr. ref. l75'',4 

Log, barom. - - 1.4736 Tab. 2. 1,0 

Log. tan. 7 1 ".26 - - 0.4738 '— 

. Ref. 173,4 =2'.53",4 

Log. approx. ref. 175''4 - 2.2439 
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The Co-latitude of the Observatory of Trinity College, Dublin, 
deduced from Observations of Circumpolar Stars, by different 
Tables of Refraction."— Observed Refractions of' Capella, be- 
low the Pole. 

14. Comparisons of the Co4atitudc as determined by stars 
near to, and remote from the pole, serve for a criterion of 
the accuracy of the tables of refraction used. 

In the following table the co-latitude is determined by 
four different methods of computing the refraction. 

I. In column A, by the formula 56"',9 tan. (J)— 3, 2 ref.) 

bar. 500 

X 



29,6 ~ 450 + therm. 

2. In column B, by the formula 56",9 tan. (0—- 3 ref.) x 

bar. 400 



29,6 350 + therm. ' 

3. In column C, by the preceding tables, which give the 
same results as the French tables. 

4. In column D, by the value of J=L — 5?",82 as de- 
duced from experiment. 

The second formula is Bradley's. 

The first formula is what appeared to me by my observa- 
tions in 1809, to give the refraction at low altitudes more ex- 
actly than Bradley's formula, and also to give the effects of 
the changes of temperature more exactly. 
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But both these formula must be considered empirical. We 
are entirely unacquainted with the law of variation of den- 
sity at different heights, and therefore as has been shewn we 
cannot deduce from theory a formula of refraction that will 
serve much below 80°. It has been shewn indeed, art. 6. that 
if the density decrease uniformly, the refraction may l?e 
expressed by a similar formula, and that above 80° the re- 
fraction will not be sensibly changed by any law of variation 
of density ; but then if 56",9 be the constant quantity, the 
co-efficient of refraction must be 4,14,* that is the mean ref. 
= 5&\9 tan. (0— 4,14'ref.) Therefore the two formula used 
in columns A and B are certainly inexact for all zenith dis- 
tances less than about 80°. For greater zenith distances, 
the first formula will-perhaps be found as exact as any other 
now known, at least as far as 87° 4£f. But I do" not attach 
much importance to it. I had deduced it before I was so 
well convinced as I am at present of the little value of ob- 
servations near the horizon, and I may add of the impossi- 
bility of investigating an exact formula. 

The mean of column C gives 36\ 36'. 46",54 for the co- 
latitude of the observatory or 53 S3 13,46 for the lati- 
tude, which I conceive cannot possibly err i of a second 
from the truth. 

* For if "STF — 56 "» 9 m — 1 — .0002758, and therefore J^hl) ""** T ^ *' 14, 
vid. art. 6. equat. (5)' 

VOL. XII. Q 
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The co-latitudes are each determined by a mean of the number of 
observations of each star above and below the pole as annexed. 



Names of 
Circumpolar 
Stars 


Obs. 

above 

Pole. 


Obs. | Co-lat. 

below ' 

Pole 1 A 


Co-lat. 
B 


Co-lat* 
C 


Co-lat. 
D 


Polaris 

£ Urwe nun. 

Cephei 


62 
20 
10 


74 
18 
1Q 


36.36.45,65 
46,18 
45,43 


36.36.45,71 
46,42 
45,64 


36*. 36. 46*19 
46,77 
46,37 


36?. 36'. 46,26 
46,85 
46,46 


a Ursae maj. 
a Cephei 
Ursae maj. 


10 
10 
21 


8 1 46,91 

9 45,56 

21 | 45,49, , 


47,19 
45,71 
45,95 


47,33 
46,42 
46,62 


'47,44 
46,53 
46,75 


t Ursae rtiaj. 
«. Cassiopeae 
f Ursae maj. 


24= 
21 

8 


2& 
23 
10 


45,21 * 

45^90 

45,10 


45,52 
45,81 
45,30 


46,22 
46,64 
46,00 


46,36 
46,79 
46,15 


y Ursae maj. 
7 Draconis 
» Ursae maj, 
« Pefsei 


18 ' 
32 
10 
10 


21 
32 
10 
10 


45,81 
45,9-3 
44,90 
44,53, 


46,18 
46J69 
45,40 

44^35 


46,85 
47.08 
46,20 
46,29 


46,90 

47,27 
46,40 
46,51 


Mean | 256 


269 36 . 36 . 45,58- ' 


,3d: 36. 45,84 I 86 . 36 . 46,54 


i 



By 226 observations in 1808 and 1809 I had deduced 
for column A 36°. 36'; 45",65 
13 45 ,85 

C. 46 ,54 



15. Let c = the correction of 5?",82, that is, let 



m' — 1 

sm, 1"' 



5?",82+c, 



then by comparing the co-latitudes in column D determined by Po- 
laris, |3 Ursae minoris and /3 Cephei with the same determined by the 
other ten stars, we have 
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36*. 56'. 46",62 + ,82 c = 36. 36. 46,? 1 + 1,56 c. The 
co-efficients of c are obtained from the tangents of the re- 
spective zenith 'distances. 

This equation gives c= ^- = - 0'\26 

and therefore y ~V - — 57", 56. By which, the mean refraC- 
tionat«'-.££-(l -£)-«"•« 

Now from the number of observations used, it cannot be 
doubted that the above conclusion is free from the errors of 
observation. The only error by which it can reasonably be 
supposed affected, is that arising from errors of division. 

It is difficult to state the limit of error from hence arising, 
but it will readily appear that much dependence cannot be 
had on a correction so small as that which I have deduced* 
For each star or each co-latitude, 12 points of the circle are 
used so that the quantity 36°. 36'. 46",52, the mean of the 
results of the three first stars is affected by the mean error of 
86 points of divisions of the circle. This mean error must 
certainly be very small. Yet it is not improbable that it may 
amount at least to 0",15. 

The error of the quantity 36°. 36'* 46",7l must be smaller, 
being only affected by the mean error of 120 points, yet it 
is not improbable it may amount to 0",04 and so the whole 
quantity 0'',19, the numerator of the value of e, will be ac- 
counted for. 

Q 2 
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Thus it. appears that observations of circumpolar stars are 
not adapted for obtaining extreme accuracy* and that the 
quantity of mean refraction at 45° so determined cannot rea- 
sonably be depended on to less than a quarter of a second. 

The direct experiment for determining the refractive force 
of air may be made independently of the divisions of an in- 
strument. The whole quantity of refraction is ascertained, 
instead «*f-the differences of refractions as in circumpolar 
stars. There are also other sources of accuracy by which the 
result may berendered very exact. 

For the above reasons, the determination -^7== 5?",82 or 

' sin. I* 1 ' 

the mean refraction at 45" (bar. 29, tfO and therm. 60) = 57,67 
apoear to me more to be relied on. 

16. In deducing i\\p above value of,^^ from the observations 
of,cireu,rqppJ>ar stars, I qnlyjuseoj such stars as were less than 
80° fr.ora.the 3enit,h whe^belqw c t;h.s.pole. 

It. is wjt}ll known, to : , those conversant in observations made 
with ? good instruments, tlpat n.ear,,|he horizon an irregularity 
in refraction hitherto unexplained shews itself. This com- 
mencing .even, atjlpss^zqnith, distances .than 80°, is, at first very 
srqalljjybufc ii^reases to a very considerable irregularity as we 
appr^ac!* ; >hej,JijOrizqa. 

The bright star C^pella.beipg 1 wi^in Ji |he Umits, of .thjsjrre- 
gularity has not been used for the co-latitude. A considerable 
number of observations of this star below the pole have how- 
ever been made by me, which may serve for two purposes. 
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(1) To shew the effects of the abovementioned irregularity 
of refraction, by which it appears that at zenith distances not 
greater even than 80°, no use can be made of observations for 
the nicer purposes of astronomy. 

(2) As it is reasonable to suppose this unexplained irregu- 
larity* will disappear from a mean of a great number of ob- 
servations, this star, which is just at the limit where the 
quantity of refraction ceases to be independent of the vari- 
ation of density, may also serve as a criterion of the exactness 
of the value of ^^7, or of the quantity of mean refraction. 

The refraction observed and the refraction computed by the 
formula in Art. 1 1 . are placed by the side of each other, and 
also the correction of the computed refraction to give the ob- 
served refraction. This correction is often far beyond the limit 
of the error of observation, and is to be attributed to the above- 
mentioned irregularity of refraction. 

*. The hypothesis upon which refractions are computed is, that the diftereot strata of air 
are concentrical with the earth's surface, circumstances ma; be easily imagined to affect 
this hypothesis, with respect to low stars. 
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"Refractions of Capclla below the Pole. 



| Time of 
| Observations. 
i 

I 


Bar. 


Ther. 
int.- 


Com put. 
lteirap. 


Observed 
llefrac. 


Com 

COmn. 

reft 


Time of 
Observation. 


Bar. 


Ther. 
int. 


Cbmput. 
Refrac. 


Observed 
llefrac. 


Corr. 

comp. 

ref. 


! 1 SOS, July 28 
Aug. 1 ] 
1% 


20,50 
29,51 
29,97 


; <33 

61 

. 67 


5 30,3 
3 1 /J 
32,6 


5 28,9 
29,1 
31,3 


•» 
-1,5 

— 2,8 

— 1,3- 


1*11, Jan. 23 

27 
28 


30,33 
29,40 
29,32 


32 

27 
24i 


■6 3,i 

5 56,3 

5*7,5 


6 ,5,2 

5 59,3 

55,3 


H 

+ 1,8 

+ V> 
— 2,2 


24 

SO 

Nov. 23 


29,93 
29,16 
29,84 


66 
42 


33,4 

' 26,8 

49,7 


33,9 
26,2' 
_ 42,4 


+ 0,5 

— 0,6 

— 7,3 


July 1 
3 
6 


29,64 
29,49 
29,78 


' 6ii 

54i 
611 


30,7 
38,5 
3i,4 4 


31,6 

42,9 
43,7 


+ 0,9 
+ 6,4 
+ 9,3 


| .Dec 4 
j ! SOP, Jan 20 


29,77 
29,30 
29',3 1 


44 
31 
30 


47,4 
52,1 
52,7 


43,5 
47,8- 
48,3 


— 3,9 
—4,3 

— 4,4 


9" 
141 
16 


29,81 
29,42' 
29,46 


64* 
581 

571 


32,5 
'32,4 
34,6 


35,3 
32;6 
36,2 


+ 3,3 
+ 0.2 
+ 2,6 


22 
May 29 
June 14 


29,33 
29,50 
20,70 


. 27 

54 
54 


55,6 

36,7 
• 38,9 


, 48,5 

43,0 

- -41,6 


-7,1 
+.6,3 
+ 2,7 


17 
20 
21 


29,46 
29,80 
29,73 


58 
631' 
64 . 


33,3 
33.2 
.32,-1 


34,7 
35,3 
29,4 


+ 1,4 
+ 2,1 
— 2,7 


15 

17 
July 8 


29,72 
29,61 
29,90 


55 ■ 

56 , 

6"3 " 


3S,4 
36,5 
34,6 


- 38,8 
38,6 
39,1 


•I 


-0,4 
-2,1 
-4,5 


22 
23 
26 


29,78 
29,83 
30,00 


61 

62. 

65* 


34,8 
34,5, 
' 34/1 


36,6 
40,1 
37,5 


+ 1,8 
+ 5,6 

+ 3-4 


10 
15 

17 


29,97 
29,88 
29,80 


63 

62± ' 
55i 


85,5 
34,7 
38,9 


36,7 
39,3 
35,6 


+ 1,2 

+ 4,6 
— 3,3 


Dec. 9 

9 

13 


28.67 
28,87 
29.75 


40* 

38 
40 


37,2 
41,4 
50,3 


34,0 
37,0 
47,1 


— 3,2 

— 4,4 

— 3,2 


18 

19 

23 


29,89 
29,92 
29,71 


571 
60 

60 


38,4 
37,1 
34,7 


41,0 
38,3 
35,5 


+ 2,6 
+ 1,2 
+ 0,8 


18 

29 

1812, Jan. 4 


29,15' 
29.'84 
29,20 


451 
301 
291 


39,0 
58,8 
51,9 


34,1 
54,2 
43,7 


— 4,9 

— 4,6 

— 8,2 


Aug. 22 

24 

18 10, Jan. 20 


29,19 
29,16 
29,83 


53 
55 
58i 


33,9 
32,1 
37,2 


29,8 
30,5 
40,0 


— 4,1 

— 1,6 

+ 2,8 


14 

20 

Oct. 28 


29,42 
29,69 
29,33 


37 
37 

461 


48,4 
51.9 
40,1 


47,2 
50,1 
38,1 


— 1.2 
-1,8 

— 2,0 


22 
23 

v 25 


30,12 

30,02 
29,98 


62 

621 

57 


37,2 
36,4 
39,9 


43,6 
42,0 
42,7 


+ 6,4 
+ 5,6 
4-2,8 


Dec. 9 
21 
31 


29,62 
29,48 
29,57 


36 
35 

40 


50,0 
50,7 

47 ; 9 


46,7 
50,6 
47,8 


— 3,3 

— 0,1 
-2,1 


July 1 , 
8 
24 


29,58 
29,50 
29,73 


58 
58 


34,6 
33,8 
35,7 


39,4 
36,7 
29,9 


+ 4,3 
+ 2,9 
— 5,8 


■ 
1813, Jan. 4 
11 
18 


29,59 
29,36 
29,88 


42 
34 
36 

35 

29 


46,5 
50,0 
54,7 


39,4 
42,7 
52,0 


-7,1 
-7,3 
-2,7 


27 

Aug. 14 

1811, Jan. 20 


29,24 
29,29 
29,66 


58 
58 
37 


30,4 
31,4 
51,5 


25,2 
27,3 
42,9 


— 5,2 

— 4,1 
-8,6 


19 

25 


30,02 
30,15 


57.2 
6 3,5 


5*7.3 
6 3,6 


+ 0,1, 
+ 0,1 
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The preceding 65 observations give the mean correction 
= - 0",49. This would give £={ = 57",74 and die ref. at 

45° = 5?",58 very nearly the same as the French tables, but 
this exactness cannot be depended on, even if we supposed 
the irregularity of refraction to disappear in the mean, be- 
cause the zenith distances of Capella above and below the 
pole may be affected by errors of division. If we suppose 
the co-latitude exact, and take the error of the mean of the 
six microscopes in each position of Capella — > 0",5 and also 
take the error of refractiou arising from using the mean be- 
tween uniform temperature and uniform density = 0",25. 
The above correction may become = — \0"49-t- 1,00 + 0",23) 
= - V',74 
or it may become + 0,76. 

The first will make the ref. at 45* = 57",37 
the second - - =57 ,79 

These are probably two limits. 

Limits of Refraction. — Observed Mefractiong. of Lyrct 

beIo& the Pole. 

17. It has been stated in art. 4. that the quantity of at- 
mospherical refraction is less than would result from an umV 
form temperature in the atmosphere and greater than what 
would result from a density decreasing uniformly. 



m 

(1) The former readily appears from the equation 

R = w art. I. 

For since the temperature decreases as we ascend, it fol- 
lows that the same density takes place at a distance from the 
surface greater than in the case of an uniform Temperature. 
Now the only variable quantity in OC is g, therefore OC re- 
maining the same, OP is increased, and consequently R 
diminished, therefore refraction or J R is greater in the case 
of uniform temperature than in the actual state of the atmos- 
phere. 

(2) By the annexed observed refractions of « Lyras, below 
the pole it will appear that the actual refraction is greater 
than would take place, did the density of the air decrease 
uniformly. 

The mean of these 42 observations of » Lyras below the 
pole gives the refraction at the zenith distance 87° 42' 10" = 
17' 2o",5, the mean of the heights of the barom. — 29,50, 
and the mean of the heights of the therm. = 35°,0. 

These heights of the barom. and therm, give, (vid. art. 11.) 

^±- r= 59",50 and . . •* ■ 1 =* 3,803. Hence if the 

sin. I" a (m—], ) 2 

density of the air decreases uniformly, 
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At 87°. 42'. 10", refraction = 59", 5 tan. (87 9 . 42'. 10" — 
3,803 r)* =16'. 5l",0. 

This refraction is less by 35",5 than the mean of the ob- 
served refractions. Hence we may safely conclude that the 
actual quantity of refraction is between the results from an 
uniform temperature and from a density decreasing uni- 
formly. 

Laplace has shewn the same from the horizontal refrac- 
tions computed on each hypothesis, and compared with the 
observed horizontal refraction. But it does not appear that 
the mean observed horizontal refraction has hitherto been as- 
certained with much accuracy. 

Laplace has also in the case of uniform temperature in- 
tegrated the fluxional equation for refraction, in which he 

* This form or r =; k tan. (8-«r) may be readily computed by help of an auxiliary 
angle y. 

log. tan. #= log. tan. + log. ( , ^J±. —■ ) + \. log. n -^~ 

then log. r = \ log. n -^-pr + !°g- tan. \ y 

t, . . / * r * 'on. 6 — ktan.nr 

For k tan. (6 — nr) = — =— — : 

v ' l-i-tan.6tan.nr 

(1+nfcsin.l'V 
Hence ~ r = tan. 9 



let tan. \y — r V -?- sin. 1" 



ft 



then _i_ ft V _p- tan. y = tan. « 

Whence log. tan. y -s tan. -f- * c< 
&c. &c. 

VOL. XII. K 
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has exhibited a striking specimen of his great mathematical 
skill (vid. Mec. eel. torn. 4. p. 246—253 ) 

His series is sufficiently convenient for computing the hori- 
zontal refraction, but in deducing from it the refraction at 
87°48'l0" zenith distance, a good deal of calculation is ne- 
cessary. I deduce the value of «=,0002882 for the heights 
of the barometer and therm, abovementioned, and then the 
six first terms of the series (M6c. eel. torn. 4. p. 251 )= 
81T" + 171",4 -f 50",2 + 17",4 + 6",4 + 2" 5 7 + &c. 

The §um of this series must be nearly *=* 106?". 

Therefore we have at {sen. dist. 87*4210", barom. 29,50 
and therm. 35°. 

Refraction, density decreasing uniformly =*=* 1 6/5 1'',0 
by observation - =** 17. 26, 5 

uniform temperature - =17. 47, 

Hence as far as this zenith distance the refraction differs 
only a few seconds from the mean resulting from the two 
hypotheses. The difference is far less than what may arise 
from the irregularity of refraction. 

At the same zenith distance, and same heights of the barom. 
and therm. 

By the French tables ref. = 17'.21",0 

By Bradley's formula =17 48, 2 

By what 1 considered an 
improvement of Brad- 
ley'sformula vid. art. 14 =*= 17 25, 3 
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Refractions of « Lyrse below the Pole. 



Time of 
Observation 


*~|l h r 


Ther. 
ex. 


Zenith 
distance 
observed 


Ref. 
observed 


Coir. 
French 
Tables 


1809, Jan. 22 

Feb. 18 

20 


29,25 
30,01 
29,78 


25 

484 

434 




87 42 1,6 
42 40,7 
42 41,6 


/ // 
17 57,4 
17 24,8 
17 24,2 


+ 23,7 
+ 3.4 
+ H),7 


Mar. S 

12 

1810, Feb. 13 


30,09 
30,05 

28,9* 


424 

44 

34 


30 


42 33,0 
42 22>1 
42 57,0 


17 3*tf 
17 46,2 
17 3,1 


+ «,7 
4- 26,0 
— 3,5 


Mar. 17 
1811, Jan. 18 


30,02 
29,62 
29,90 


32 
36 
33$ 


294 

33 

32 


42 5,9 
42 31,0 
.42 l%% 


17 5^6 
17 &3v4 
17 3$l 


+ 10,2 
+ 9,4 
— 0,2 


23 

28 
Feb. 3 


30,27 
29,35 
29,44. 


35 

27* 

Mi 


324 
2li 
80 


41 55,1 

41 68,5 

42 84,3 


17 56,6 
17 54>6 
17 20,4 


+ 9,1 
-I- 22,7 
- 7,7 


7 

8 

12 


29,2* 
29,28 
20,03 


m 

39 
38 


3« 
85 
U 


4-2 52,,'i 
42 51,2 
42 58,4 


17 3/2 
17 4,7 
16 58,4 


— 2,8 

— 2,3 

r-r 2,6 


13 

Dec. 28 

1812. Jan. 2 


28,91 
29,39 
29,07 


35 

304 

311 


33 

254 J 
30 


43 9,3 
W >3,0 
m 22,0 


16 53,7 

17 38,7 
17 21,2 


— 10^2 

+ 12 ? 2 
4" 6,9 


3 

4 

7 


28,95 
29,11 
29,93 


89* 
27$ 
32 


26i 
23 1 
31 


42 34,0 
41 . 56,2 
42 2,1 


17 9,5 
17 47,6 
17 42,6 


— 5,8 
+. 24,6 
+ 0.6 


21 

30 

Feb. 7 


29,64 
29,18 
29,42 


34 
39 
38 


281 

35 

33 


4£ 1,2 

4*2 30,4 
42 27,2 


, 17 47,9 
17 19,2 
17 26)4 




- 20,7 

- 17,2 

- 13,9 


Dec. 22 
I813,J»i>. 1 

3 


2»,60 
29,04 
29,90 


33 
36 


26^ 

31 

40 


41 48,0 

42 9,1 
42 23,0 


17 50,7 
17 32,7 
17 19,5. 




- 21,1 

- 9,4 

- 0,7 


11 

26 


29,52 
30,16 


3G 
33 


314 

32 

28 


42 11,8 
41 53,2 
41 46,2' 


17 93,2 
17 491.2 
13 3,2 


4- 14,2 
■+• 12,6 
+ 16,1 


Feb. 6 
15 

18 


29,40 
28,50 
29,23 


39 
40 
39 


38 
38 
374 


42 4'.,8 

43 24,8 
43 0,0 


17 5,6 
16 29,6 
16 55,0 


— 5,1 

— 10,0 

— 12,0 



b2 
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Refractions of «. Lyrae below the Pole. 



Time of 
observation 


o Ther. 
Barom. ^ 

I 


Ther. 
ex. 


Zenith 
distance 
observed 


Ref. 
observed 


Corr. 
French 
Tables 


1813, Feb. 22 

Dec. 26 

27 


29,24. 
30,19 
30,01 


42 

35i 

36f 


36* 
31* 
34 


87- 42 52,3 

41 55,8 

42 21,2 


< -» 

17 3,3 

17 43,6 
17 18,5 


-f- +"o 

+ 0,1 

— 17,3 


31 
181*, Jan. 1 
4 . 


29,88 
29,69 
29,11 


351 

35 

264 


33\ 
32| 
23 


42 1,0 
42 21,2 
41 59,6 


17 40,0 
17 20,1 
17 42,7 


•f 7,5 
*_ 8,4 
•+- 17,4 


22 
26 
27 


29,88 
28,95 
28,78 


.21 
33 
321 


17 

32^ 

301: 


41 25,7 

42 56,2 

42 49,8 


18 22,2 
16 52,8 
16 59,4 


+ 13,2 

— 16,5 

— 4,2 


29 
Feb. 13 


28,63 
29,67 


3H 
411 


29 
39 


42 51,5 
42 47,1 


16 58,4 

17 6,3 


— 2,1 

— 8,4 



To the preceding observed refractions of a Lyras S.P. are 
annexed the corrections to be applied to the refractions com- 
puted by the French tables to give the observed refractions. 
These corrections sufficiently point out the irregularities of 
refraction at low altitudes. 

The French tables from ?4° zenith distance to the horizon 
may be considered less empirical than any other, since 
they are deduced from a formula of Laplace assumed so, 
that, partaking both of the arithmetical and geometrical 
progressions of variation of density, it gives the diminution 
of heat observed in ascending in the atmosphere. Gay 
Lussac having ascended in a balloon to a considerable height 
found the diminution of temperature nearly as resulted from 
Laplace's formula. 
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But from the circumstances of the case there seems to be 
no reason to expect any exact and convenient method ofde~ 
termin'mg the quantity of refraction for low altitudes. 

It is not likely the irregularities will be ever submitted to 
any law, and investigations respecting formula for refractions 
for zenith distances greater than about 80° may be considered 
more curious than useful. For less zenith distances, the 
French tables, as it has been a principal object of this paper 
to shew, seem as accurate as can be desired* 



